The purpose of this paper is to enumerate various classes of cyclically colored m-gonal plane cacti, called m-ary cacti. This combinatorial problem is motivated by the topological classi cation of complex polynomials having at most m critical values, studied by Zvonkin and others. We obtain explicit formulae for both labelled and unlabelled m-ary cacti, according to i) the number of polygons, ii) the vertex-color distribution, iii) the vertex-degree distribution of each color. We also enumerate m-ary cacti according to the order of their automorphism group. Using a generalization of Otter's formula, we express the species of m-ary cacti in terms of rooted and of pointed cacti. A variant of the m-dimensional Lagrange inversion is then used to enumerate these structures. The method of Liskovets for the enumeration of unrooted planar maps can also be adapted to m-ary cacti.
Introduction
A cactus is a connected simple graph in which each edge lies in exactly one elementary cycle. It is equivalent to say that all blocks (2-connected components) of a cactus are edges or elementary cycles, i.e., polygons. An m-gonal cactus (m-cactus for short) is a cactus all of whose polygons are m-gons, for some xed m 2. By convention, a 2-cactus is simply a tree. These graphs were previously called \Husimi trees", and their de nition was given by Harary and Uhlenbeck 12] following a paper by Husimi 13] on the cluster integrals in the theory of condensation in statistical mechanics. See also Riddell 18] and Uhlenbeck and Ford 22] . Their enumeration according to the number of polygons was carried out in 12] . See also Harary and Palmer 11] and 13].
A plane m-cactus is an embedding of an m-cactus into the plane so that every edge is incident with the unbounded region. An m-ary cactus is a plane m-cactus whose vertices are cyclically mcolored 1; 2; ; m counterclockwise within each m-gon. For technical reasons, we also consider We de ne the degree of a vertex in a m-ary cactus to be the number of m-gons adjacent to that vertex. Note that it is twice the number of edges adjacent to the given vertex, for m 3. Given an m-ary cactus , let n ij denote the number of vertices of color i and degree j of and set n i = (n i0 ; n i1 ; n i2 ; : : :). The vertex-degree distribution of is given by the m 1 matrix N = (n ij ), where 1 i m and j 0. Note that n i = P j n ij is the number of vertices of color i and n = P i n i is the total number of vertices of . The vertex-color distribution of is de ned to be the vectorñ = (n 1 ; n 2 ; : : :; n m ). Also, let p denote the number of polygons in .
For the quaternary cactus of Figure 1 , the distributions are n 1 = (0; 7; 1; 0; 1; 0; ) = 1 7 2 1 4 1 ; n 2 = (0; 7; 3; 0; 0; 0; ) = 1 7 2 3 ; n 3 = (0; 8; 1; 1; 0; 0; ) = 1 8 2 1 3 1 ; n 4 = (0; 9; 2; 0; 0; 0; ) = 1 9 2 2 ; n 1 = 9; n 2 = 10; n 3 = 10; n 4 = 11; n = 40; and p = 13; 
since each polygon contains exactly one vertex of color i, and also n = (m ? 1)p + 1;
as one sees easily by induction on p. The goal of this paper is to enumerate various classes of m-ary cacti according to the number n of vertices or p of polygons, to the vertex color distributionñ = (n 1 ; n 2 ; : : :; n m ), and to the vertex-degree distribution N = (n ij ) 1 i m; j 0 . The species we enumerate are the following:
2. K i , the class of m-ary cacti pointed at vertex of color i (see Figure 5 ), 3. K 3 , the class of rooted (i.e., pointed at a polygon) cacti (see Figure 6 ), 4 . A i , the class of m-ary cacti, planted at a vertex v of color i, i.e., pointed at v with a pair of half edges attached to v contributing to its degree (see Figure 4) , 5 . K, the class of asymmetric m-ary cacti, 6 . K =s and K s , the classes of m-ary cacti whose automorphism group is of order s, and a multiple of s, respectively, where s 2.
The motivation for the enumeration of m-ary cacti This is a crucial step in the topological classi cation but the equivalence classes of polynomials are in fact represented by the orbits of m-ary cacti under the action of the braid group. Goulden and Jackson 9] on the enumeration of rooted mary cacti. They show that rooted m-ary cacti with p polygons, having vertex-degree distribution N = (n ij ) are in one-to-one correspondance with decompositions of the circular permutation (1; 2; : : :; p) as the product g 1 g 2 g m of m permutations, where g i has cyclic type (1 n i1 2 n i2 ).
In section 2, we state the main functional equations relating the various species of m-ary cacti. We show that all these species can be expressed in terms of planted m-ary cacti which, themselves, satisfy functional equations opening the way to Lagrange inversion. Of particular importance is a Dissymmetry Theorem which relates (ordinary) m-ary cacti to pointed and rooted m-ary cacti. This theorem is closely related to the dissimilarity characteristic theorem for trees, due to Otter and extended to cacti by Harary and Norman 10]. The tree-like structure of a cactus can be emphasized by using an equivalent representation, where a white (= color 0) vertex is placed within each polygon, and joined to the vertices of the polygon, after which the edges of the polygons can be erased. This gives a bijection between m-ary cacti having p polygons and (1 + m)-colored trees having p vertices of color 0, all of degree m. The bijection is illustrated in Figure 3 for a ternary (m = 3) cactus. In section 3 we establish a particular form of multidimensional Lagrange inversion, which is well adapted to the present situation. It extends the previously known two-dimensional case, in the spirit of Chottin's formulae 5] 6], and use the crucial observation due to Goulden and Jackson 9] that a certain Jacobian matrix reduces to a rank-1 matrix. We then use these results in section 4 to enumerate both labelled and unlabelled m-ary cacti, including the special classes of planted, pointed and rooted m-ary cacti, according to the number of vertices (or of polygons), to their vertex-color distribution and their vertex-degree distribution. We also enumerate m-ary cacti according to the order of their automorphism group, including the asymmetric ones.
An alternate method can be used for the enumeration of unlabelled m-ary cacti. It is based on a paper of Liskovets 17] on the enumeration of non rooted planar maps which uses the concept of quotient of a labelled planar map under an automorphism. See Bousquet 2] , 3].
In the last section, we present some related enumerative results, concerning labelled free m-ary cacti and unlabelled plane m-gonal cacti having p polygons. We also state a closely related result due to Bousquet-M elou and Schae er 4] on rooted m-ary constellations, having p polygons.
Three tables are given in the paper, containing numerical results which illustrate some of the formulas.
We have used the species formulation as a helpful unifying framework in this paper. A basic reference for the theory of species is the book 1]. However, the paper remains accessible to anyone with a knowledge of P olya theory applied to graphical enumeration (see 11]).
We would like to thank Sacha Zvonkin, for introducing us to the problem of cactus enumeration, and Robert Cori and Gilles Schae er for useful discussions.
2 Functional equations for m-ary cacti
Vertex-color distribution
We consider the class K of m-ary cacti as an m-sort species. This means that an m-ary cactus is seen as a structure constructed on an m-tuple of sets (U 1 ; U 2 ; ; U m ), the elements of U i being the (labels for) vertices of color i. Moreover, the relabeling bijections, and in particular, the automorphisms of m-ary cacti are required to preserve the sorts of elements, i.e. the colors.
Although we are interested in the enumeration of unlabelled cacti, it is easier to establish the functional equations by giving bijections between labelled structures. If we ensure that these bijections are natural, that is, that they commute with any relabeling, thus de ning isomorphisms of species, then the consequences for both the labelled Equation (6) is similar to (5) except that for pointed cacti the polygons adjacent to the pointed vertex can freely rotate around it. Figure 5 illustrates the equation K 3 = X 3 (1 + C(A 1 A 2 )). Equation (7) is immediate; see Figure 6 . Recall that in a connected graph g, a vertex x belongs to the center of g if the maximal distance from x to any other vertex is minimal. In particular, if g is a cactus, then it is easy to see that the center of g is either a single vertex or a polygon. Now let be an m-ary cactus. In this case we de ne the center in a slightly di erent way: if the previous de nition yields a vertex as the center of , then we leave this de nition unchanged. If the previous de nition yields a polygon p as the center of , then we take the color-1 vertex of p to be the center of . So now the center of an m-ary cactus is always a vertex. Proof: For clarity, we prove the theorem for m = 3, that is we establish an isomorphism K 1 + K 2 + K 3 = K + 2K 3 , the proof for general m being analogous.
The left hand side corresponds to cacti which have been pointed at a vertex, of color 1, 2, or 3. The rst term of the right hand side corresponds to cacti which have been pointed in a canonical way, at their center. So what remains to construct is a natural bijection from triangular cacti pointed not in their center onto two cases of A 1 A 2 A 3 -structures.
Suppose that a ternary cactus has been pointed at a vertex x of color 1 which is di erent from the center c of (see Figure 7 ). Let the shortest path from x to c start with the edge e = fx; yg, and let t be the unique triangle containing e. Then we cut the three edges of t and thus separate the cactus into three smaller cacti which are planted in a vertex of color 1, 2 and 3 respectively. We thus obtain an A 1 A 2 A 3 -structure. It is easy to see that we could have obtained this structure in another way. Indeed, if the vertices of t are x; y and z, then pointing the cactus at z would have given the same decomposition. So this operation does de ne a map
To see that the algorithm is reversible, take any 3-tuple of cacti which are planted in vertices x, y and z of color 1, 2, and 3 respectively. Join x, y and z by a triangle to get a cactus, and look for its center c. If c comes from the component of x, then we can point either y or z in the cactus, if c comes from the component of y, then we can point either x or z and nally, if c comes from the component of z, then we can point either x or y. It is then a simple matter to number each of these cases in order to make the correspondence bijective, completing the proof.
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Corollary 3 The species K of m-ary cacti can be written as ; (11) from which it follows that f A i (x) = A i (x) since f b A i = c e A i . This expresses the fact that planted cacti are asymmetric structures. Moreover, 
and nally,
Vertex-degree distribution
In order to enumerate m-ary cacti according to their degree distributions, we introduce weights in the form of monomials w( ) = Q i;j r n ij ij with i = 1; : : :; m and j 0, for a cactus having vertex-degree distribution N = (n ij ). In other words, the variable r ij acts as a counter for (or marks) vertices of color i and degree j. We also use the notation r i to denote the sequence (r i0 ; r i1 ; : : :). We denote by K w ; K 3 w , and K i w the corresponding species of m-ary cacti, weighted in this manner. We denote by A i;r the species of planted (at a vertex of color i) m-ary cacti similarly weighted by degree. The functional equations (5) 
where C k denotes the species of circular permutations of length k,
and
The important point here is that the weights behave multiplicatively, with respect to the operations of product and partitional composition. The consequences for the labelled and unlabelled generating functions are as follows: 
where r d denotes the set of variables fr d i;j g, for i = 1; : : :; m, j 0. We also have
2.3 One-sort m-ary cacti
If neither the vertex-color nor the vertex-degree distribution are desired, but only the number of vertices or, equivalently, of polygons, then the enumeration is easier to carry out since one dimensional Lagrange inversion will su ce. Indeed, we can consider the various species of mary cacti introduced earlier as one-sort species, as Figure 1 suggests. This means that the underlying set (of vertex labels) is independant of the colors and that the relabellings can be arbitrary, altough isomorphisms are still required to preserve colors. We use the same letters K; K i ; K 3 ; A i to denote these one-sort species. Equations (6) 
where K denotes the one-sort species of pointed at (any color) m-ary cacti.
Multidimensional Lagrange inversion techniques
In this section we establish a special form of multidimensional Lagrange inversion, which can be directly applied to m-ary cacti. First recall the standard form, due to Good, (see Theorem 
It follows from the Lagrange inversion formula (30) that 
2. 1 = 0, 2 = = m = k 1, with the condition that ( P i a i )=(m ? 1) = q is an integer. Then we nd that = q ? k, 1 
This formula can be used, as in 7] , to check that all unlabelled cacti with a given degree distribution have been found. 
where denotes a cyclic shift of the components ofñ or of the rows of N, i.e. ( ñ) i = n i+1 and ( N) ij = n i+1;j ;
the sum i + 1 being taken modulo m. We introduce the following notations:
e k = ( ki ); i = 1; : : :; m; e h = ( jh ) j 0 ; E r;s = ( ir js ) 1 i m; j 0 : 
where the sum is taken over all ordered pairs (h; d) such that n 1h 6 = 0 and d divides h; p and all components of n 1 ? e h and of n i with i 2. Proof: Recall that n i = P j n ij and n i = (n ij ) j 0 . We will use the special case 2 of the generalized Chottin formula, i.e. (40), with i (s) = r d i (s) (see (50)), k = h=d, a 1 = (n 1 ?1)=d, a 2 = n 2 =d, : : :, a m = n m =d, for which q = p=d, and A i (x) = A i;r d(x). Since p 1, we have, using formula (23) 
The result follows from (46), (56) and (59).
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See 
The result follows from (49), (56) and (60).
See Table 3 for some numerical values of e K N .
Unlabelled m-ary cacti according to their automorphisms
We rst consider asymmetric m-ary cacti, that is, cacti whose automorphism group is reduced to the identity. Let K denote the species of asymmetric m-ary cacti. We have already observed that the species K 3 of rooted m-ary cacti is asymmetric i.e. that K 3 = K 3 . The dissymetry formulas (29) and (8), yields, in the one-sort case,
and in the m-sort case, for the number of labelled bicolored free trees with vertex-color distribution (n 1 ; n 2 ) to general m 2. Another combinatorial object closely related to m-ary cacti is an m-ary constellation which is de ned in a similar way as an m-ary cactus except that cycles of polygons are now allowed. 
Constellations

